Math 311-102 Quiz 5 Summer 2005
Topics in Applied Mathematics I

—4 —4 8
The following problems all concern the matrix A = 2 2 =2
-3 -3 7
1. Find the eigenvalues of the matrix A.
—4 -\ —4 8
Set 0 = det(A — \I) = 2 2—X =2 |. To simplify the com-
-3 -3 T-=A
putation of the determinant, subtract the second column from the first
-\ —4 8
column to get | A 2—X —2 |. Add the first row to the second
0 -3 7-2AX
Y 8
row to get | 0 —2—X 6 Now expand on the first column.

0 -3 7=
The characteristic equation becomes 0 = —A[(=2 — A\)(7 — \) + 18] =
—A(A? —=5X+4) = —A(A — 1)(A — 4). Therefore the three eigenvalues
are 0, 1, and 4.

2. For each eigenvalue, find a corresponding eigenvector.

For A = 0, solve the equation (A — 0I)v' = 0 by row reducing:

-4 -4 8 110 1
2 2 =21 =100 1},s0v=1[-1
-3 -3 7 000 0
For A = 1, solve the equation (A — 11)v' =0 by row reducing;:
-5 —4 8 10
2 1 =21 —-101 —2 , S0 U =
-3 -3 6 0 0
For A = 4, solve the equation (A —41)v'=0 by row reducing;:
-8 —4 8 10 —1
2 =2 2| —=101 , S0 U =
-3 =3 3 0 0

3. Find a matrix U such that U tAU is equal to a diagonal matrix D.
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The matrix U should have the eigenvectors as its columns, so U =
1 01 000
—1 2 0. Then U~ 'AU will be the diagonal matrix D = [0 1 0
011 00 4
with the eigenvalues on the diagonal.
2 1 =2
You can compute that U~ = 1 1 —1| and then verify that
-1 -1 2
indeed U"'AU = D by carrying out the matrix multiplication.
1
4. Write the vector | 2 | as a linear combination of the eigenvectors.
3
1 1 0 1 a 1
fl2]=al-1]+b|2]|+c 0 ,then [0 | =U"1|2]|. Using
3 0 1 c 3
a —2
the expression for U~! written above gives | b | = 0 Thus
c 3
1 1 1
2l =-21-1]1+310
3 0 1

5. Find a matrix B such that B? = A.
Hint: Observe that U~'B?U = (U"'BU)?.

Since D = U'AU = (U 'BU)? and since D is the square of the

0 00 0 00
matrix [0 1 0], wecanset U"'BU = |0 1 0] or, equivalently,
0 0 2 0 0 2
000
B=U|[0 1 0] U! Computing this matrix product gives the an-
0 0 2
-2 =2 A4
swer B = 2 2 —2]. You can multiply out B? to check the
-1 -1 3
answer.
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