Survey of Mathematical Problems I

Instructor’s Guide

Harold P. Boas and Susan C. Geller Texas A&M University

December 1996

Copyright cfl 1995–1996 by Harold P. Boas and Susan C. Geller. All rights reserved.

Preface

Everybody talks about the weather, but nobody does anything about it. Mark Twain

College mathematics instructors commonly complain that their students are poorly prepared. It is often suggested that this is a corollary of the students’ high school teachers being poorly prepared. International studies lend credence to the notion that our hard-working American school teachers would be more effective if their mathematical understanding and appreciation were enhanced and if they were empowered with creative teaching tools.

At Texas A&M University, we decided to stop talking about the problem and to start doing something about it. We have been developing a Master’s program targeted at current and prospective teachers of mathematics at the secondary school level or higher.

This course is a core part of the program. Our aim in the course is not to impart any specific body of knowledge, but rather to foster the students’ understanding of what mathematics is all about. The goals are:

ffl to increase students’ mathematical knowledge and skills; ffl to expose students to the breadth of mathematics and to many of its

interesting problems and applications;

ffl to encourage students to have fun with mathematics; ffl to exhibit the unity of diverse mathematical fields; ffl to promote students’ creativity;

ffl to increase students’ competence with open-ended questions, with ques-

tions whose answers are not known, and with ill-posed questions;

iv PREFACE

ffl to teach students how to read and understand mathematics; and ffl to give students confidence that, when their own students ask them ques-

tions, they will either know an answer or know where to look for an answer.

We hope that after completing this course, students will have an expanded perspective on the mathematical endeavor and a renewed enthusiasm for mathematics that they can convey to their own students in the future.

We emphasize to our students that learning mathematics is synonymous with doing mathematics, in the sense of solving problems, making conjectures, proving theorems, struggling with difficult concepts, searching for understanding. We try to teach in a hands-on discovery style, typically by having the students work on exercises in groups under our loose supervision.

This Guide contains materials that we prepared for the second iteration of the course, taught during the fall semester of 1996. We distributed the main body of the Guide to the students, reserving the appendices for the use of the instructor.

Contents

Preface iii

1 Logical Reasoning 1 1.1 Goals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.3 Classroom Discussion . . . . . . . . . . . . . . . . . . . . . . . 2 1.3.1 Warm up . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.3.2 The Liar Paradox . . . . . . . . . . . . . . . . . . . . . 2 1.3.3 The Formalism of Logic . . . . . . . . . . . . . . . . . 4 1.3.4 Mathematical Induction . . . . . . . . . . . . . . . . . 6 1.4 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 1.5 Additional Literature . . . . . . . . . . . . . . . . . . . . . . . 10

2 Probability 13 2.1 Goals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 2.2 Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 2.3 Classroom Discussion . . . . . . . . . . . . . . . . . . . . . . . 13 2.3.1 Warm up . . . . . . . . . . . . . . . . . . . . . . . . . 13 2.3.2 Cards and coins . . . . . . . . . . . . . . . . . . . . . . 14 2.4 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 2.5 Additional Literature . . . . . . . . . . . . . . . . . . . . . . . 17

3 Graph Theory 19 3.1 Goals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 3.2 Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 3.3 Classroom Discussion . . . . . . . . . . . . . . . . . . . . . . . 20 3.3.1 Examples of graphs . . . . . . . . . . . . . . . . . . . . 20 3.3.2 Eulerian graphs . . . . . . . . . . . . . . . . . . . . . . 21

3.3.3 Hamiltonian graphs . . . . . . . . . . . . . . . . . . . . 25 3.3.4 Euler’s formula . . . . . . . . . . . . . . . . . . . . . . 26 3.3.5 Coloring graphs . . . . . . . . . . . . . . . . . . . . . . 26 3.4 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 3.5 Additional Literature . . . . . . . . . . . . . . . . . . . . . . . 28

4 Number Theory 29 4.1 Goals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 4.2 Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 4.3 Classroom Discussion . . . . . . . . . . . . . . . . . . . . . . . 30 4.3.1 Basic Number Theory . . . . . . . . . . . . . . . . . . 30 4.3.2 Unsolved Problems . . . . . . . . . . . . . . . . . . . . 32 4.3.3 Fermat’s Little Theorem and Euler’s Generalization . . 33 4.3.4 Chinese Remainder Theorem . . . . . . . . . . . . . . . 36 4.3.5 Exact Solutions to Systems of Equations . . . . . . . . 37 4.4 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 4.4.1 Cryptoanalysis . . . . . . . . . . . . . . . . . . . . . . 38 4.4.2 Other types of number puzzles . . . . . . . . . . . . . . 39

5 Codes 41 5.1 Goals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 5.2 Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 5.3 Classroom Discussion . . . . . . . . . . . . . . . . . . . . . . . 42 5.3.1 Cryptography . . . . . . . . . . . . . . . . . . . . . . . 42 5.3.2 RSA Code . . . . . . . . . . . . . . . . . . . . . . . . . 42 5.3.3 Error-Correcting Codes . . . . . . . . . . . . . . . . . . 43 5.3.4 Nim . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 5.4 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

6 Game Theory 47 6.1 Goals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 6.2 Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 6.3 Classroom Discussion . . . . . . . . . . . . . . . . . . . . . . . 47 6.3.1 Warm up . . . . . . . . . . . . . . . . . . . . . . . . . 47 6.3.2 Examples of games . . . . . . . . . . . . . . . . . . . . 48 6.3.3 Generalizations . . . . . . . . . . . . . . . . . . . . . . 49 6.4 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 6.5 Additional Literature . . . . . . . . . . . . . . . . . . . . . . . 51

7 Set Theory and Foundations 53 7.1 Goals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 7.2 Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 7.3 Classroom Discussion . . . . . . . . . . . . . . . . . . . . . . . 53 7.3.1 The axiomatic method . . . . . . . . . . . . . . . . . . 53 7.3.2 Cantor’s theorems . . . . . . . . . . . . . . . . . . . . 54 7.3.3 The continuum hypothesis . . . . . . . . . . . . . . . . 55 7.3.4 Gödel’s incompleteness theorems . . . . . . . . . . . . 56 7.4 Additional Literature . . . . . . . . . . . . . . . . . . . . . . . 57

A Answers to Exercises 59

B Answers to Problems 83

C Lesson Plans, Fall 1996 97

D List of materials for course packet 107

E Course projects 111